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53121 Bonn, Germany

Received: 11 August 2010 – Revised: 12 October 2010 – Accepted: 12 October 2010 – Published: 15 November 2010

Abstract. We study the plasma passage over astrophysical
MHD shocks with frozen-in magnetic fields in arbitrary incli-
nations with respect to the bulk plasma motion. As a function
of the compression ratio at the shock, we aim at the predic-
tion of ion plasma properties downstream of the shock, espe-
cially the resulting downstream temperatures, pressures and
pressure anisotropies as function of the upstream magnetic
tilt angle. Using dynamical invariants governing the ion mo-
tions, we derive the independent reactions of the ion veloc-
ity components parallel and perpendicular to the local mag-
netic field at the shock passage. This allows us to determine
not only the associated downstream ion velocities, but the
ion distribution function and its velocity moments like pres-
sures and temperatures. We find pronounced increases of the
downstream ion temperatures with respect to corresponding
upstream values. The down-to-up temperature ratios thereby
strongly depend on the upstream magnetic tilt angle attaining
maximum values in case of a quasi-perpendicular shock. We
also obtain fire-hose-unstable temperature anisotropies with
valuesT⊥/T‖�1 at small tilt angles (quasi-parallel shock)
and mirror-unstable values of anisotropiesT⊥/T‖�1 at tilt
angles nearπ/2 (quasi-perpendicular shock).

1 Introduction

Astrophysical shocks are highly important dynamical struc-
tures in space plasmas, not only because they transport and
dissipate over large dimensions huge amounts of energies
that mostly originate in stars and stellar winds, but also be-
cause they serve as particle accelerators and X-ray radiators.
To describe these latter phenomena in a satisfactorily reli-
able manner, one needs well developed and appropriately
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formulated systems of magnetohydrodynamic conservation
equations that help to determine the plasma properties down-
stream of the shock. It is, however, recognized for quite
some while now that a complete description of the ion pas-
sage over an MHD shock with the help of a standard set
of MHD shock relations (seeBaumjohann and Treumann,
1996; Gombosi, 1998; Diver, 2001) is not possible, since the
amount of entropy generation at the shock passage in these
relations remain unspecified. This becomes clearly evident
for anisotropic plasmas for which the MHD shock relations
define a system of under-determined equations that do not al-
low for the derivation of an unequivocal set of downstream
plasma properties (seeErkaev et al., 2000; Vogl et al., 2003;
Liu et al., 2007; Génot, 2008; Fahr and Siewert, 2008; Siew-
ert and Fahr, 2008).

In the following part of this paper we shall revisit the
basis of these earlier results and shall thereby demonstrate
that when using an appropriate coordinate system for the de-
scription of the shock and when using dynamical ion invari-
ants will then help to overcome most of the earlier prob-
lems in giving unequivocal representations of the down-
stream plasma properties.

2 A revised setting of the scene of MHD jump conditions

2.1 The tangential mass flow - an overlooked parameter

As emphasized throughout the literature, the generally used
anisotropic system of MHD jump conditions is underdeter-
mined, with only 6 equations available to determine 7 down-
stream plasma parameters (see e.g.Gombosi, 1998; Erkaev
et al., 2000; Diver, 2001; Vogl et al., 2003; Siewert and Fahr,
2008). Considerable effort has been put into this field over
the last decade (e.g. by Erkaev et al., 2000; Fahr and Siew-
ert, 2006; Liu et al., 2007; Lucek et al., 2007; Siewert and
Fahr, 2008; Ǵenot, 2008; Treumann, 2009; Fahr and Siew-
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Fig. 1. The geometrical configuration of the solar wind termination
shock.

ert, 2010) ranging from isolating one downstream parameter
that needs to be determined by other independent methods
to more ambitious theoretical attempts to extract additional
information from careful kinetic modeling. In this section,
we introduce a revised approach to this issue, based exclu-
sively on MHD, but helping to overcome the above men-
tioned problem.

We now repeat a few selected results of the theory of MHD
jump conditions. Shock waves appear as discontinuities in
the solutions of the MHD equations, meaning that MHD
alone is unable to describe the physical processes resulting
in the jump of MHD parameters, leaving only conservation
equations to describe the discontinuity. One of these equa-
tions is based on the more general conservation of the mass
flow in general plasma physics:

ρ1U1 = ρ2U2. (1)

This is a vector-valued equation, which in principle results
in three individual scalar conservation equations. Now, in
most theoretical studies, the shock is studied in a special
rest frame, characterised byU×n=0, wheren is the nor-
mal vector defining the orientation of the shock surface. In
other words, Eq. (1) boils down to one conserved component
Un=U ·n of the mass flow, i.e.

ρ1Un1 = ρ2Un2. (2)

This commonly found simplification holds the potential
for misunderstandings. Even though the upstream tangen-
tial velocity component of the plasma flow vanishes (i.e.
Ut1=U×n=0), the downstream velocity component typi-
cally is different from zero (see e.g. (Erkaev et al., 2000; Vogl
et al., 2003)). This may be understood in the context of a ref-
erence frame which is at motion withUt1 perpendicular to
the magnetic field. In a rest frame at rest at the shock, and
using Eq. (1), the tangential velocity flow must be conserved
as well, i.e.

ρ1Ut1 = ρ2Ut2. (3)

This equation is only valid in the shock rest frame, though;
in a more general rest frame moving withU∗, we obtain the
more general formulation

ρ1(U
∗

t1+U∗) = ρ2Ut2. (4)

Therefore, any tangential mass flow which vanishes on one
side of the shock, but not on the other one is a clear hint for
a moving (but still inertial) frame of reference. (It should be
noted that Eq. (3) can also be proven more rigorously using
a finite shock layer, the limit to infinite thinness and some
mathematical arguments, but since this proof is not relevant
to this study, we shall leave it out at this point.)

At this point, we have to remind the reader that the new
tangential mass flow conservation remains consistent with
the classical MHD jump conditions. If, for example, we take
the frozen-in field condition (Eq. (2.2) ofErkaev et al., 2000),
we obtain a downstream tangential velocity of

Ut2 =
Un2Bt2−Un1Bt1+Ut1Bn1

Bn2
. (5)

For Ut1=0, we obtainBt2=sBt1, andUn2Bt2=Un1Bt1, i.e.
Ut2=0, as required by the new relation. If, on the other hand,
Ut1 6=0, we obtain

Ut2 =

(
1+

Un2Bt2−Un1Bt1

Ut1Bn2

)
Ut1, (6)

i.e.

s =

(
1+

Un2Bt2−Un1Bt1

Ut1Bn2

)−1

. (7)

From Eq. (2.4) ofErkaev et al.(2000), it additionally follows
that

s =
1

1−β‖2+β⊥2
. (8)

All together this means that for the case we are considering
in this paper the so-called “kinematic approximation” applies
where magnetic forces do not influence the plasma dynamics.

In the following studies, we shall consider a rest frame that
is explicitly at rest with the point-like shock transition. This
allows us to compliment the MHD jump conditions with the
new Eq. (3), a condition which is notably absent from the
vast majority of the shock literature, where a specific refer-
ence frame for the jump conditions is not always explicitly
defined.

This choice allows us to introduce a seventh equation into
the system of jump conditions, allowing in principle a unique
solution of the 7 free downstream parameters. This result
hints that the system of Rankine-Hugoniot jump conditions
may not be as underdetermined as quoted throughout litera-
ture, but instead be perfectly closed, with the missing equa-
tion being systematically discarded. We shall study this im-
proved set of jump conditions in a future publication.
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2.2 The solar wind termination shock

In this publication, we study the solar wind termination
shock in the upwind region of the heliosphere, where the
solar wind is facing the interstellar gas inflow. In this sys-
tem, the supersonic solar wind meets the shock surface along
the shock normal (U ‖n, i.e. Ut1=0 in the rest frame of the
shock, see Fig.1), where Eq. (3) is perfectly valid without
any additional modifications. In this case, it follows from
Eq. (2) that

ρ2

ρ1
=

Un1

Un2
= s, (9)

which is the classical first step in solving the jump condi-
tions. Now, however, it follows from Eq. (3) that, similarly,

ρ2

ρ1
=

Ut1

Ut2
= s, (10)

meaning that forUt1=0, we automatically obtainUt2=0.
Furthermore, it follows from the frozen-in field condition
(Eq. (2.2) ofErkaev et al., 2000) andUt2=0 that

Bt2 =
Un1

Un2
Bt1 = sBt1. (11)

This result is notably different (and simpler) fromErkaev
et al.(2000) and results from the specific choice of the refer-
ence frame. For this above explained scenario, we now de-
rive kinetic properties for the plasma passage over the shock.

3 Selected properties of the kinetic model

3.1 Introduction to ion velocity invariants and
velocity coordinate transformations

It is well known from basic plasma physics that in absence
of stochastic processes like collisions or wave-particle inter-
actions ions moving along magnetic fields with a field mag-
nitude gradient along the field line behave, as if they have
to conserve a dynamic quantity called their magnetic mo-
ment0=(m/2)v2

⊥
/B (see e.g.Chen, 1984; Baumjohann and

Treumann, 1996). In addition it is, however, interesting to
note that this quantity0 also plays the role of an invariant,
if ions are co-convected with a plasma bulk into the motion
of which a magnetic field is frozen in. If in the direction
of the bulk flow the frozen-in magnetic field magnitude de-
creases, as for instance is the case for the Archimedian spiral
field in the inner heliosphere (seeParker(1958), or Forsyth
et al. (2002)), then it can be shown that ions, while being
co-convected with the plasma bulk, also in this case have to
conserve their magnetic moment0 (seeFahr, 2007; Fahr and
Siewert, 2008; Fahr and Siewert, 2010). The only restric-
tion hereby is that typical periodsτB of the field magnitude
changes be large compared to the ion gyroperiodsτg.

We now summarise and expand the basic arguments given
in Fahr and Siewert(2008); Fahr and Siewert(2010), i.e. un-
der which conditions the magnetic moment is conserved at
MHD shock waves. As we have shown in this reference, it
can be proven by solving the equation of motion for indi-
vidual ions in the plasma bulk system that ions do in fact
conserve their magnetic moment at their passage over the
shock structure, if their gyration periodτg is short compared
to the passage timeτp=DT S/U1�τg. We now generalise
this proof and demonstrate that the same result also applies
to systems whereτg�τp or τg'τp.

For the case of large gyroperiods (τg�τp), only at a very
small passage along one gyroperiod, an electric induction
force operates that changes the velocity. This force follows
from Faradays induction law,∫ 1ϕ

0
Eind ·ds = −

∫
O

∂B

∂t
·dO , (12)

where we integrate over the surfaceO covered by the line
joining the gyrational center and the ion (i.e. only that frac-
tion of a full gyration period where the force is active). As-
suming that all vectors are located in one plane and selecting
ds=rgdϕ, we obtain

1ϕrgEind = −
1ϕ

2π
πr2

g

∂B

∂t
. (13)

Therefore, the energy transfer induced by the action of this
force is given by

m

2

dv2
⊥

dt
= eEindv⊥ = −

e

2
rgv⊥

∂B

∂t
, (14)

which again may be transformed into (Fahr and Siewert,
2008; Fahr and Siewert, 2010)

v2
⊥

B
= const. (15)

For the more complicated case ofτg'τp, the properties in
Eq. (12) become time-dependent, resulting in∫ t+1t

t

Eind(t) ·ds(t) = −

∫
O

(1t)
∂B

∂t
·dO (16)

for any given timet at which the force is acting. This then
results in

�g(t)1t ·rg(t)Eind(t) = −
�g(t)1t

2π
πr2

g (t)
∂B

∂t
, (17)

where�g=eB/mc is the gyrofrequency. This results in

dv⊥

dt
= −

c

2

v⊥

B

∂B

∂t
(18)

and finally in

v⊥
√

B
= const. , (19)
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which is proportional to the square root of the magnetic
moment.

Even though these calculations prove that the magnetic
moment is conserved in the vast majority of shocked sys-
tems, there are more complicated contributions which might
invalidate these arguments. For example, there may be
shock-reflected particles which in velocity space are located
outside the loss cone of the shock-generated magnetic mir-
ror configuration. Such reflections can only occur for supra-
thermal upstream ions with thermal velocities much higher
than the bulk velocityU1 (see e.g.Terasawa, 1979). Any-
way, most of these ions cannot escape upstream, but are again
swept downstream with the frozen in magnetic field. It is,
however, very interesting to note that even in the study by
Terasawa(1979), it was already found that independent on
the relevant timescales (i.e. whetherτg≤τp or τg≥τp, these
reflected ions behave adiabatically, i.e. conserve their mag-
netic moment.

Another contribution which has not been studied in detail
yet is the effect of the magnetic field strongly changing its
orientation during one gyration period, i.e.B(t)∦B2. This
might result in a complication of Stokes theorem, especially
when the concept of the enclosed surface over one gyration
breaks down. For situations where magnetic field reorien-
tation is sufficiently slow, the magnetic moment however is
conserved in first order approximation.

In addition connected with differential motions of ions
parallel to frozen-in fields, in case of bulk velocity gradi-
ents parallel to the field, there appears a quantity that can
serve as a second particle invariant0‖=v‖B/ρ (Siewert and
Fahr, 2008; Fahr and Siewert, 2008), which is associated
with the second plasma invariant in the CGL-theory (Chew
et al., 1956).

These ion invariants can profitably be used to also describe
the change of the dynamical properties of ions at their pas-
sage over the solar wind termination shock where both an
abrupt decrease of the solar wind bulk velocity and an in-
crease of ion densities and of frozen-in magnetic field mag-
nitudes occur.

3.2 A new representation of the kinetic invariants

We now derive a new formulation of the kinetic invariants by
introducing the magnetic field angleα= 6 (n,B) (and, again,
selectingθ= 6 (n,U)=0), wheren is the shock normal. The
single-particle formulation of the invariants are given in the
following form (Siewert and Fahr, 2008):

v2
⊥

B
=

v2
⊥1

B1
=

v2
⊥2

B2
= const. (20)

and

v‖B

ρ
=

v‖1B1

ρ1
=

v‖2B2

ρ2
= const. (21)

Introducing the angleα and using Eqs. (9 – 11) and
Bn=const. (seeErkaev et al., 2000), it is possible to elimi-
nate the magnetic field magnitude ratio,

B2

B1
=

√
B2

n2+B2
t2

B2
n1+B2

t1

=

√
B2

n1+sB2
t1

B2
n1+B2

t1

. (22)

This expression may now be parameterized in terms of the
upstream magnetic field angleα, by introducingBn=Bcosα
andBt =Bsinα, finally leading to the result

B2

B1
=

√
cos2α+s2sin2α. (23)

This is an improvement over the earlier results obtained by
Siewert and Fahr(2008), since it eliminates the previously
unknown ratioB2/B1 with a function depending only on up-
stream parameters and the MHD compression ratios.

Using this equation, the upstream-to-downstream relations
for the individual velocity components transform into

v2
⊥2 = v2

⊥1
B2

B1
= v2

⊥1

√
cos2α+s2sin2α (24)

and

v2
‖2 = v2

‖1(
B1ρ2

B2ρ1
)2

= v2
‖1

s2

cos2α+s2sin2α
. (25)

Unifying the above results, we may derive the total kinetic
energy gain suffered by an individual ion at the shock pas-
sage with the upstream velocityv1 and an upstream ion pitch
angleβ1= 6 (B,v):

v2
2 =v2

1

(
sin2β1

√
cos2α+s2sin2α

+cos2β1
s2

cos2α+s2sin2α

)
=v2

1C(α,β),

(26)

where we have introduced the notation

C(α,β) =sin2β1

√
cos2α+s2sin2α

+cos2β1
s2

cos2α+s2sin2α
.

(27)

Using v‖=vcosβ andv⊥=vsinβ, as well as Eqs. (24) and
(25), we obtain the downstream ion pitch angle by

ctg2β2 = ctg2β1 ·
s2

(cos2α+s2sin2α)3/2
. (28)

It is obvious that this equation does automatically introduce
an anisotropy of the distribution function and a pressure
anisotropy on the downstream side.
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4 Downstream pressures and temperatures

4.1 Isotropic distribution functions

Using the new parameterisation of the shock properties with
the upstream magnetic field tilt angleα, we now briefly
demonstrate that the resulting upstream-to-downstream re-
lations between the corresponding pressure components re-
main unchanged from what was derived byFahr and Lay
(2000); Siewert and Fahr(2008) as long as isotropic func-
tions are treated. Beginning with the assumptions made by
Fahr and Lay(2000), we also want to make the additional as-
sumption that due to rapid pitch-angle scattering by Alfvén-
wave turbulence normally occuring without energy changes
of the ions. Therefore, one may expect to obtain pitch-angle
isotropic distribution functions both on the upstream side,
and also on the downstream side after some relaxation pro-
cesses have taken place over a flow distance ofD'U2τµµ.

In this publication, we are only interested in the pressure
(or, equivalently, the temperature) of the plasma, which is
given on the downstream side by

p2 =
4π

3

m

2

∫ π

0

∫
∞

0
sinβ2 v4

2 f2(v2) dv2 dβ2. (29)

The integral can be simplified by applying Liouville’s theo-
rem (similar to the approach byFahr and Lay(2000)), which
states that the differential phasespace flux is conserved, i.e.
91(v1)=92(v2). Expressing the gyro-averaged phase space
flow by 9=2πUf (v) v2sinβ dβdv, we obtain

U2f2(v2) v2
2sinβ2 dβ2dv2

= U1f1(v1) v2
1sinβ1 dβ1dv1 . (30)

Multiplying this with v2
2/U2, we obtain

f2(v2) v4
2sinβ2 dβ2dv2

=
U1

U2
f1(v1) v2

1v2
2sinβ1 dβ1dv1 . (31)

Using this equation and Eq. (26), we can transform Eq. (29)
into

p2 =
4π

3

m

2
s

∫ π

0
sinβ1

∫
∞

0
v4

1C(α,β1) f1(v1) dβ1dv1

= p1 s

∫ π

0
sinβ1C(α,β1) dβ1dv1.

(32)

Evaluating the remaining integral finally yields

p2 =p1 s

(
2

3

√
cos2α+s2sin2α

+
1

3

s2

cos2α+s2sin2α

)
.

(33)

The large bracket, derived from the integral overC, may be
interpreted as the weighted average over the parallel and per-
pendicular velocity contributions, where the perpendicular
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Fig. 2. Temperature gains from the upstream to the downstream
side after pitchangle isotropisation as a function of the magnetic
field angleα and the compression ratios.

pressure weights twice as much as the parallel pressure, since
it is related to gyrational motion, i.e. two cartesian coordinate
directions. Typical results for the corresponding temperature
increaseT2/T1=p2/p1·ρ1/ρ2 over the full range of possible
of magnetic field anglesα and typical compression ratioss
are presented in Fig.2.

4.2 Anisotropic distribution functions

Now, we study the kinetic properties of the downstream
plasma in a configuration before rapid pitchangle scattering
at ALFénic turbulences occurs, i.e. where the downstream
system is explicitly anisotropic (with a distribution function
denoted byf =f aniso). The parallel and perpendicular pres-
sures are then defined by

p⊥ =
4π

3

m

2

∫
f aniso(v) v2

⊥
d3v

=
4π

3

m

2

∫
f aniso(v) v2sin2β d3v

(34)

and

p‖ =
4π

3

m

2

∫
f aniso(v) v2

‖
d3v

=
4π

3

m

2

∫
f aniso(v) v2cos2β d3v.

(35)

To derive a functionpi,2=g(pi,1), i.e. an expression similar
to Eq. (33), we start with Eqs. (24) and (25) and obtain with
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the Liouville relation

2πv2
2U2f

aniso
2 dv2v

2
2cos2β2sinβ2dβ2

=2πv2
1U1f

aniso
1 dv1v

2
1cos2β1

v2
‖2

v2
‖1

sinβ1dβ1

=2πv2
1U1f

aniso
1 dv1v

2
1cos2β1(

s2

cos2α+s2sin2α

)
sinβ1dβ1

(36)

and

2πv2
2U2f

aniso
2 dv2v

2
2sin2β2sinβ2dβ2

=2πv2
1U1f

aniso
1 dv1v

2
1sin2β1

v2
⊥2

v2
⊥1

sinβ1dβ1.

=2πv2
1U1f

aniso
1 dv1v

2
1sin2β1√
cos2α+s2sin2αsinβ1dβ1.

(37)

Integrating these above relations over velocity space then
leads to the two relations

p‖,2 =
4π

3

m

2

U1

U2

s2

cos2α+s2sin2α∫ ∫
v4

1f aniso
1 dv1cos2β1sinβ1dβ1

=p‖,1
s3

cos2α+s2sin2α

(38)

and

p⊥,2 =
4π

3

m

2

U1

U2

√
cos2α+s2sin2α∫ ∫

v4
1f aniso

1 dv1sin2β1sinβ1dβ1

=p⊥,1s

√
cos2α+s2sin2α.

(39)

These above results deliver the following downstream pres-
sure anisotropy:

p⊥,2

p‖,2
=

√
cos2α+s2sin2α

s2

cos2α+s2sin2α

=
p⊥,1

p‖,1

(cos2α+s2sin2α)3/2

s2
.

(40)

A graphical representation of this equation is given in Fig.3.
Since this generalized result is based on the same physical

concepts as those used bySiewert and Fahr(2008) for special
tilt angles, it should be equivalent to their earlier results for
α=0 andα=π/2. For a parallel shock (α=0), Eq. (40) leads
to their earlier result,

p⊥,2

p‖,2
=

1

s2

p⊥,1

p‖,1
, (41)

and the perpendicular shock (α=π/2), we obtain

p⊥,2

p‖,2
= s

p⊥,1

p‖,1
, (42)

which is, again, equivalent to the results bySiewert and Fahr
(2008). In addition to this,Siewert and Fahr(2008) also de-
rived a more general expression for arbitrary anglesα,

p⊥,2

p‖,2
=

1

s2

(
B2

B1

)3
p⊥,1

p‖,1
. (43)

This result is similarly compatible with our new results,
where the explicit upstream magnetic field angleα is taken
into account (i.e. Eqs. (11) and (40)).

It must be noted that this simplification would not have
been possible without explicitly taking the conservation of
the tangential mass flow into account (Eq. (3)), without
which the tangential magnetic field would be considerably
more complicated (seeErkaev et al.(2000), Eq. 5.1).

4.3 The entropy gain across the shock

With the obtained results, we now are provided with the in-
gredients to derive the thermal entropy jump across the shock
as a function ofα. According toErkaev et al.(2000), the en-
tropy on the upstream and downstream sides is given by the
expression

S =
k

2
ln

p2
⊥
p‖

ρ5
(44)

Using this expression and our Eqs. (39) and (38), we can thus
derive the downstream entropy,

S2 =
k

2
ln

p2
⊥2p‖2

ρ5
2

=
k

2
ln

p2
⊥,1s

2(cos2α+s2sin2α) s3

cos2α+s2sin2α
p‖,1

s5ρ5
1

(45)
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which simplifies to

S2 =
k

2
ln

s2p2
⊥,1s

3p‖,1

s5ρ5
1

= S1. (46)

This means that the thermal entropies obviously do not de-
pend on the tilt angleα and have not been increased at the
shock passage, if the conservation of dynamical particle in-
variants is fulfilled. This is true even though thermal heat-
ing does occur inside the system. Nevertheless the entropy
has been increased due to an increase of the kinetic entropy
and further will be increased by stochastic scattering pro-
cesses connected with the excitement of waves of the fire-
hose mode or of the mirror-mode (seeFahr and Siewert,
2007).

In this paper we do not aim at treating this situation quan-
titatively, but shall take a look on that situation which re-
sults after the initially anisotropic ion distribution due to
pitchangle scattering processes has been rearranged into a
pitchangle-isotropic distributionf2(v2)=〈f2(v2,β2)〉β . In
Fig. 2, we have thus shown the isotropic downstream
temperatureT2 calculated with this isotropized function
f2(v2)=〈f2(v2,β2)〉β according to Eq. (33). Using this ex-
pression, it is now possible to derive the entropy gain due to
pitchangle isotropisation after first building up an anisotropy,
which is obtained by generalising Eq. (44) to

S =
k

2
ln

P 2
⊥
P‖

ρ5
=

k

2
ln

P 3

ρ5
. (47)

On the downstream side, this equation transforms into

S2 =
k

2
ln

p3
1

s2ρ5
1

+
k

2
ln

(
2

3

√
cos2α+s2sin2α+

1

3

s2

cos2α+s2sin2α

)3

=S1+
k

2
ln

1

27s2

+
k

2
ln

(
2
√

cos2α+s2sin2α+
s2

cos2α+s2sin2α

)3

.

(48)

This result clearly demonstrates that only after the pitchangle
anisotropy has been removed by stochastic pitchangle scat-
tering processes one obtains a physical entropy increase.
This expression, which depends both on the tilt angleα and
the compression ratios, is displayed in graphical form in
Fig. 4, which clearly demonstrates that the entropy gain is
largest for parallel shocks, average for perpendicular shocks
and minimal for inclined shocks at aroundα'40◦, where
only a small initial downstream pressure anisotropy is gener-
ated, which in turn nicely correlates with the absence of an
entropy increase.
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Fig. 4. Normalised entropy gain across the shock as a function of
the magnetic field angleα and the MHD compression ratios after
pitchangle isotropisation.

5 Conclusions

We have shown that in an appropriate description of the
shock we can find unequivocal solutions for the downstream
velocity moments of the plasma. Our description is espe-
cially suited to describe the solar wind termination shock
in ecliptic regions of the upwind hemisphere of the solar
system, since tangential upstream bulk velocities can be ne-
glected here. Since this is just the type of shock that recently
has been crossed by the two NASA spaceprobes Voyager-1/-
2 there exist interesting possibilities to compare our results
with in-situ space plasma measurements.

With the use of the newly derived dynamical ion invariants
we first transform ion velocity components from upstream
to downstream of the shock and show that immediately af-
ter shock passage an anisotropic ion distribution is estab-
lished which can be characterized by anisotropic tempera-
turesT2,‖ andT2,⊥. In Fig. 3, we have shown that the result-
ing temperature anisotropiesA⊥

2,‖=T2,⊥/T2,‖=sp⊥,2/p⊥,1
strongly depend on the upstream magnetic tilt angleα. Small
values ofA⊥

2,‖�1 result for small values ofα (i.e. quasi-

parallel shocks), while large valuesA⊥

2,‖≥1 result for tilt val-
ues ofα'π/2 (i.e. quasi-perpendicular shock). As evident
from Fig. 3, these types of anisotropies furthermore are the
stronger pronounced the larger is the compression ratios.

The resulting downstream temperature anisotropies can
be checked with respect to associated unstable ion velocity
distributions driving, dependent in strength on the prevail-
ing magneticβ⊥,‖ - values, either fire-hose instabilities in
case of quasi-parallel shocks or mirror instabilities in case
of quasi-perpendicular shocks (see discussions inFahr and
Siewert, 2007; Génot, 2008; Fahr and Siewert, 2009; Lazar
and Poedts, 2009; Siewert and Fahr, 2009). Interestingly
enough, the conversion of an isotropic upstream into the as-
sociated anisotropic downstream distribution does not imply
a thermal entropy increase, which is exclusively related to the
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following reisotropisation on the far downstream side due to
pitchangle scattering processes.

It also becomes evident that with Eq. (33) and the result
shown in Fig.2, we can give a fairly satisfying explanation
of the downstream solar wind proton temperatures which has
been measured by Voyager-2 at the cross-over of the termina-
tion shock in September 2007 (seeRichardson et al., 2008).
According to Fig.2, we would expect to see temperature in-
creases by factors of 10 till 12, whileRichardson et al.(2008)
show measured values fluctuating between 10 to 15. In con-
trast, the classical MHD shock relations instead would have
predicted a temperature increase by a factor of about 102

which by far is not reflected in the data.
More important, however, is the recognition of the

strongly pronounced sensitivity of the downstream plasma
properties on the upstream magnetic tilt angleα. Most of
the time a magnetic tilt angleα'π/2 may be realized at
the upwind near-ecliptic termination shock, however, it is in-
teresting to keep in mind that during passages of magnetic
sector structures determined by the interplanetary magnetic
current sheath one will have changes of the tilt angle from
α= +π/2 overα=0 to α= −π/2 within about 2 days (see
e.g.Fahr et al., 2008; Scherer and Fahr, 2009). It is thus rec-
ommended to study the plasma passage over the shock under
time-variable upstream magnetic tilt anglesα(t). We shall
look into this interesting problem in an upcoming paper.
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