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Abstract. A new method to analytically solve the anisotropic Hugoniot (RH) relations including pressure anisotragyd-

MHD system of equations describing shock transitions isson 1970. Other approaches are however possible. For in-
presented. As this system is known to be under-determinedtanceSiewert and Fah{2008 developed a kinetic approach
(there is more unknown parameters than available equationsyhich includes CGL invariance. Direct simulations in the
free parameters must be chosen. From observational corMHD, hybrid and (recently) full kinetic formalisms are also
traints it appears that the magnetic amplitude jump is a goo&commonly used to study shock physics but will not be dis-
candidate as it is generally available more frequently andcussed here; indeed we shall focus on an analytical approach.
more precisely than other jump variables. With this approach Solving the anisotropic MHD system by direct analytical
we obtain an explicit expression for the density compressionmeans is an approach rarely investigated. Indeed this sys-
ratio for arbitrary upstream parameters and shock geometem is under-determined, hence the need to specify the prob-
try. Downstream anisotropy and pressure are also calculatedem for particular situations, to use free parameters or to em-
The results are tested against an other approach and comioy extra equations to close the system. Recdritlyet al.
pared with observations from the Earth’s bow shock and theg2007) proposed analytical expressions for the downstream
solar wind termination shock. anisotropy as a function of the density compression ratio
but only in the extreme cases of parallel and perpendicular
shocks. Génot (2009 reviewed this approach and extended

it to arbitrary shock angle by numerical meanfgl et al.
(2001 supplemented the RH system of equations by the mir-
ror and firehose instabilities threshold conditiorGhao et

The MHD formalism describing transitions across shocks | (199 d ion linki d
has been employed successfully in many astrophysical sit? (1999 proposed an expression finking upstrgam, own-
stream, and shock geometry in a single equation which is

uations. The general goal is to predict downstream condi- - ’ :
tions from the knowledge of upstream conditions and shoclj'naIIy solved numerically. Finally, to date, previous works

geometry. The latter is characterized by the shock angléequ"e either a numerical solver to be employed at the end of

0p, between the upstream magnetic field and the shock nor? demanding algebraic analysis, or the knowledge of down-

mal. From this prediction it is possible, for instance, to stream parameters, or are valid close to marginal stability of

get insight on the wave generation processes at work irspecific plasma instabilities. Reinvestigating this issue we

the downstream regions of planetary bow shocks or solrclfhov‘“mhIS pl._slptefr ho‘;‘.’ to eic(prests the density ctomp;ﬁsa?]n rak-
wind termination shock, namely magnetosheaths or the hell0 @S an explicit function ot upstream parameters, the shoc
eometry and the magnetic compression ratio. One motiva-

liosheath. Temperature anisotropy instabilities are among’ : .
n to choose these parameters is that magnetic measure-

the most common means to generate waves. Consequent nts from ot haw nerally | certainti nd
the formalism adopted must account for pressure variation ents from spacecrait have generally 1ess uncertainties a
a better resolution than those from plasma instruments.

in directions parallel and perpendicular to the ambiant mag-

netic field. Here we shall use the modified MHD Rankine- N the next section we present the anisotropic jump rela-
tions at a shock. In Sect. 3 we detail the steps required to

derive the analytical expression for the density compression

Correspondence tdv. Génot ratio, downstream anisotropy and pressure. In the last sec-
BY (vincent.genot@cesr.fr) tion before the conclusion we present observational tests of

1 Introduction
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Table 1. Six Earth’s bow shock crossings referencedCimao et al(1995 and associated parameters: observed magnetic amplitude ratio,
shock angle and upstreaf calculated upstream Alén Mach number (see text) and observed density compression ratio; the last two
columns are the calculated density compression ratio obtained fromd&ar(d from the method dafhao et al(1995 respectively.

Event Bo/B1 0p,(°) B1 M1 r(obs.) r(thismethod) r (Chao etal(1995)

1 2.65 714 017 3.3 2.70 2.71 2.70
2 2.78 79.9 0.15 3.8 2.70 2.80 2.78
3 2.72 86.1 0.12 35 2.63 2.72 2.70
4 2.25 65.5 0.17 24 2.27 2.32 2.27
5 2.18 64.5 0.16 2.2 2.33 2.25 2.27
6 1.99 53.7 0.10 2.0 2.13 2.08 2.08
the methods and comparison with the earlier worlCbio Chao et al.(1995 tackled the analytical resolution of

et al.(1995 (in the Earth’s bow shock context). An applica- this system with the objective of expressing the down-
tion to the heliosheath plasma state with respect to the mirstream anisotropy, similarly td.iu et al. (2009 and
ror instability illustrates the sensitivity of the RH system of Génot (2008. They obtain an expressiof such that
equations. F(B2/B1, 0p,, B1, A1, B2, A2) =0. For measuredz/B1
andfp,, A2 is numerically determined as a function gf
and B> (from contours plots). Applied to actually observed
shock parameters this method gives good estimationts pf
Considering a bi-Maxwellian plasma, the jump relations = F2/P1 and My (see Table 1). The drawback of the
. method is that (se# above) the knowledge of the down-
across a shock arél(dson 1970: ; : ) .
stream paramete is required which restrains the general-
[B,]=0 (1) ity of the approach. Moreover a numerical solver must be
_ finally applied. In the following we show how to remove this
[pv,] =0 2 - e .
constraint and formulate for the first time a full analytic ex-

2 Anisotropic jump relations at a shock

[_U” By — v By| = (3) pression of the density compression ratio as a function of the
B,f 0 4 magnetic compression ratio, the shock angle and upstream

P+ (P — Py) B2 T 2 + = (4) parameters only.

" B,B; P -

| 1o ( Bz/uo —1)+pvw | =0 © 3 Fu analytical resolution

B 2 2 2 . . . .
. 2P, + Py + ¥ B; Bjvn (P, - P)) The main challenge in solving the system of Eds-6j is

i P20 2 pop B2 to eliminate the right unknown at each step. To get a full

- B—uo pressions (first or second order) of each variable.
We definen which requires information of the shock itself
The square brackets indicate the difference between pre(strength and angle)
shock (upstream) and post-shock (downstream) stateis,
the permeability of the vacuurh,is the Boltzmann constant, ( Bp\? >1/2
m = By2/B1 = < ) —CO§93n

(B, -v,)B < P - P, analytical solution in the end one should look for simple ex-
—— 0 (6)
2
Ho / ﬂ

()

n=p/m is the plasma density, and B are the plasma ve- .

locity and magnetic field vectors respectively= pkT /m,,

is the plasma pressure, and, the proton mass; sub- |nourapproach: is considered as an input of the problem.

scriptst and n denote the tangentlal and normal compo- From Eq. 8) one can express.:

nents with respect to the shock surface, and subscripts 1

and 2 in the following correspond to upstream and down- _ Un 1B B

stream states respectively. Without loss of generality the’'2 T Bn 12— Bl

conservation relations are expressed in the frame where the

upstream flow is parallel to the shock normal, g, = 0. . In Eqg. @) upstream parameters are grouped together to de-

We define the temperature anisotropy Ay=T,/T;, the  fineC:

upstream Alfv;;n Mach numben 1 = (yopl)l/zvl/Bl and  ~_ Pia (Al 41— Ap)cod (93")

B1=2uoP1/B;. As mentioned previously the system of

equations above is under-determined: 6 equations, 7 un- 32 1
+ p1v] (1 — —>

©)

+_

knowns & v,2, v;2, Bu2, Br2, P2, A2, p2). 210 ©)
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It is then possible to expresd; in terms ofC, A, and
B> components. Plugging this expression into Es).dnd
making use of the expression fogn, we obtain

_ E— DBZcog 6,

Ao = 10
? E + Dm2B? (10)
with
M? 1 sindp
D=|(—AY _14+28,1-A 1
<CO§93n + 2ﬂ||1( 1))
M2
1-—24 - @
+ r coZ 0, (11)
and
. szf
E=puo|C— (12)
210

It should be recognized th@ is a function ofr therefore

33

We used B1 = (1+2A1)8j1 in Eq. (15) and Eq. 16). By
solving the quadratic equatiaryr2 +b/r + ¢ =0, the com-
pression ratio can be explicitly obtained as a function of up-
stream parameters, the shock angle and the magnetic com-
pression ratio. The physical solution is:

2 F<BZ Osn, A1, M ,3) (18)
r=—= _7 B’ 1? Al? 1
—b+ b2 = 4ac By "

For exactly perpendicular shoclk £ B>/B1=m) the
method diverges (because of the terms frcdsép,,). For
exactly parallel shockK; = By, m =0) the method is not
appropriate. Simplified approachesy( et al, 2007 Génot
2008 must therefore be used féi, =0° and 0g, =90°.
However the present approach gives consistent results even
for angle very close to 90 For a given set of upstream pa-
rameters all oblique shocks are not physical and the positivity
of the discriminant4? — 4ac) will determine their validity.

so isAy. Itis indeed the generalization of the expressions Knowing r, D (Eq. (11)) and E (Eq. (12)) are fully de-
given in Génot (2008 for the (upstream isotropic) parallel termined and so are the downstream anisotropy and pres-

and perpendicular shock cases. Similarly we obtain:

Dm?B? + E
Plpg=—21— (13)
2]
P, > can also be expressed by
E — DB?cog 6p
P12 = PppAz = 1 - (14)

o

Finally plugging the expressions &, and Az (functions
of ) into Eq. @) leads to a quadratic equation ipizlwhose
terms are the following:

— constant term:

6A1 +9 M?
_ 54 L Al (15)
8A1 +4 2co¥ Opn
—termin1/r:
15
b=—"(A1+ (1— A1) cos9
8A1+4( 1+( 1) Bn) B1
5 1 5 .
+§M§1 + Zrm2 +3 Sir? 6p,, — COS O,
sind 3
+ Bn X (—mz — cog 93,1>
m 2
M2 3(1— A1)
Al
-1 16
x <c03293n + 4A1+2 AL (16)
— termin 1/r<:
m2
=-M2 1+ —— 17
“ Al( + co 0z, (17)
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sure. Explicit solutions are too lengthy to be written but are
straightforward from Egs1Q) and (3).

4 Observational tests
4.1 Comparison with Earth’s bow shock data

The applicability of RH jump conditions to observed shocks
has been verified (for instant¥interhalter et al.1984. To
validate the present approach we use six bow shocks cross-
ings referenced ilChao et al.(1995 (see Table 1). They

all correspond to low Mach number solar wind conditions.
Alfv én Mach numbers in Table 1 are computed from Eq. (12)
in Chao et al(1995. The last three columns of Table 1 dis-
play the density compression ratio as it is observed, from
our Eq. @8) and from equations o€hao et al.(1995 re-
spectively. For a given shock, differences between the three
values are very small. First, our (direct) method gives re-
sults very close to those obtained by the metho@lofo et

al. (1995. Slight discrepancies may come from our use of
calculatedM 4 (round values instead of exact). Second, our
calculated ratios agree very well with observed values.

4.2 Comparison with Termination Shock data

In the following we illustrate the sensitivity of downstream
conditions (mainly the pressure and anisotropy) to the input
parameters. On 16 December 2004 Voyager 1 crossed the
solar wind termination shock at 94 AU and entered the he-
liosheath. Magnetic field measurements revealed similari-
ties with planetary magnetosheath: fluctuations resembling
holes and peaks associated with the mirror instability were
observed Burlaga et al.2006 Génot et al, 2009. This led
several authors to investigate whether the heliosheath plasma
was unstable with respect to this instability, i.e. wether the
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Table 2. Observed and calculated parameters for the solar Wind_ShOCk gngle and strength. It has been yahdaﬁed .by compar-
Termination Shock crossed by Voyager 1 in 2004. The shock angldSONn With another method and observations in different as-
(row 2) and upstream anisotropy (row 3) are slightly varied to revealtrophysical contexts. Such compact formula may be used to
the sensitivity of the RH system of equations: this is expressed ineasily compute downstream parameters when only magnetic
the large variations of the mirror mode criteriéy; (row 5) while measurements are available and when upstream parameters
the density compression ratio (row 4) remains almost constant. Focan be inferred (when plasma data are absent, in the case of
this crossing it was inferred thaf,; = 16.3 andg; =328 (Whang  \joyager 1 for instance). It is also possible to analyze the
et al, 2004 and observed tha,/B; =3 (Burlaga et al.2009.  sensitivity of the results to uncertainties in the inputs and to
This later value is used for cases 1-4 whelgsB1 =2.99isused  rop0se error bars. This works could pave the way to further
in case 5. analytical analysis of more complex Rankine-Hugoniot sys-
tems, taking into account the waves and/or turbulence and/or
heat flow Chao and Goldsteji972).

Case 6p,(°) Aj r Cy =B12(A2-1)

1 90 1 3 1.17

2 90 094 3 1.25 Edited by: R. Vainio

3 86 1 3.006 0.83 Reviewed by: two anonymous referees
4 86 0.94 3.006 0.92

5 86 0.94 2996 1.48
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